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Abstract.
We revisit the study of the emptiness formation probability, the probability of forming a sequence of
` spins with the same ferromagnetic orientation in the ground-state of a quantum spin chain. We focus
on two different examples, exhibiting strikingly different behavior: the XXZ and Ising chains. One has a
conserved number of particles, the other does not. In the latter we show that the sequence of fixed spins
can be viewed as an additional boundary in imaginary time. We then use conformal field theory (CFT)
techniques to derive all universal terms in its scaling, and provide checks in free fermionic systems. These
are based on numerical simulations or, when possible, mathematical results on the asymptotic behavior of
Toeplitz and Toeplitz+Hankel determinants. A perturbed CFT analysis uncovers an interesting `−1 log `
correction, that also appears in the closely related spin full counting statistics. The XXZ case turns out
to be more challenging, as scale invariance is broken. We use a simple qualitative picture in which the
ferromagnetic sequence of spins freezes all degrees of freedom inside of a certain “arctic” region, that we
determine numerically. We also provide numerical evidence for the existence of universal logarithmic terms,
generated by the massless field theory living outside of the arctic region.
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1. Introduction
1.1. Emptiness formation probability in spin chains
In recent years, a great deal of effort has been put into the understanding and calculation of correlations in
integrable one-dimensional quantum critical systems. Although many physical properties can be understood
from the Bethe-ansatz solution [1, 2], the explicit calculation of physical correlation functions is a much more
formidable task. Much progress has however occurred in this direction, in particular in the spin-1/2 XXZ
spin chain, a key physical example where such methods are successful. New methods have been developed
to compute such correlations and their asymptotics exactly, starting from the lattice model [3, 4, 5, 6, 7].
Moreover, the use of conformal field theory (CFT) [8] provides a way to access various universal exponents
in a simple and transparent way. However, it does not give access to non-universal quantities, and usually
still requires some input from more exact methods [9]. These two complementary approaches have also been
shown to agree in several studies, see e.g. [10, 11].
In the first framework, arguably the simplest quantity one can compute is the probability of forming a
sequence of ` consecutive spins with the same up orientation, the so-called emptiness formation probability
(EFP). For this reason it has already been subject to quite extensive studies [12, 13, 14, 15, 16, 17, 18, 19, 20],
especially (but not always) in the simpler limit of an infinite chain. In particular, many exact results have
been derived, expressing the EFP using multiple integral or determinantal representations, from which an
asymptotic expansion can sometimes be extracted. Note that the study of the EFP is also interesting in –
simpler – free fermionic systems. Indeed in this case the EFP usually boils down to a Toeplitz determinant,
whose interesting mathematical properties have attracted much attention since the celebrated Kaufman-
Onsager spontaneous magnetization problem [21, 22].
Two intriguing features stand out in the various asymptotic results obtained for the EFP. First, the
leading term can depend on the model. The logarithm of the EFP (in short logEFP ) is proportional to `2
for the XXZ chain [14, 15], while it only scales proportionally to ` for the Ising chain [23]. This behavior
can be traced back to the fact that in the XXZ chain magnetization is conserved, which is not the case for
Ising: in fermionic language the particle number is conserved in one case, but not in the other. Second, the
EFP is sensitive to criticality. When the system is critical, power law corrections – logarithmic terms for
the logarithmic EFP – to the leading term start to appear. While these terms can often be explained at the
purely mathematical level (e.g. singularities in the symbol generating the Toeplitz determinant), they have
so far remained unexplained at the field-theoretical level.
This paper is a partial attempt at filling this gap. We show that the Ising case can be understood in
full detail using CFT. As a consequence, we confirm the universality of the power law correction derived
by Franchini and Abanov [23], and show that it is a simple fraction of the central charge of the CFT. We
provide several generalizations to open systems and finite geometries, where we compute a universal scaling
function, in the spirit of entanglement entropy studies. All these results are extensively checked in free-
fermionic systems, combining numerical evaluations and asymptotic results on Toeplitz and Toeplitz+Hankel
determinants. Following [25], we then carry out a perturbed CFT analysis of the subleading corrections,
and show how the first goes slightly beyond the known Toeplitz results. As we shall see it takes a form
proportional to `−1 log `, with a coefficient determined by the central charge, the geometry of the system,
and a single non universal short distance cutoff, the so-called extrapolation length [24]. We also study
several related quantities, including the Re´nyi-Shannon entropy and full counting statistics, where this type
of subleading correction makes an appearance as well. All these results also apply to more complicated
CFTs with non conserved number of particles, such as the minimal models. In particular this provides with
a method to identify the central charge.
In contrast, the XXZ case turns out to be much more subtle. We are nevertheless able to gather some
evidence for the universality of the power law corrections, and show how the general scaling may be explained
in terms of an “arctic phenomenon”, in which all degrees of freedom are frozen in a region of area proportional
to `2 in imaginary time. Such behavior is familiar in the study of domino tilings on the Aztec diamond. In
this picture a massless field theory, whose exact properties are unknown, lives outside of a “frozen region”
that we determine numerically in various free fermionic examples.
3
1.2. Problem studied
Let us consider the following quantum Hamiltonian, so called XY chain in transverse field.
H = −
L∑
j=1
[(
1 + ν
2
)
σxj σ
x
j+1 +
(
1− ν
2
)
σyj σ
y
j+1 + hσ
z
j
]
. (1)
We will study this Hamiltonian with periodic boundary conditions (σαL+1 = σ
α
1 , α = x, y), as well as open
boundary conditions (σαL+1 = 0, α = x, y). The system is in the ground-state |ψ〉, and the spins are
measured in the basis of the eigenstates of the σzj . What makes this model particularly simple is that using
a Jordan-Wigner transformation, it can be rewritten in terms of free fermions [32]:
H = −
L∑
j=1
(
c†i ci+1 + ν c
†
i c
†
i+1 + h.c
)
− h
L∑
j=1
(
2c†jcj − 1
)
, (2)
where c†L+1 = e
ipiNˆc†1 for periodic boundary conditions, and c
†
L+1 = 0 for open boundary conditions. Here
Nˆ =
∑L
j=1 c
†
jcj is the fermion number operator. The dictionary between spins and fermions is fairly simple:
a fermion at site j corresponds to an up spin, while a vacant site j corresponds to a down spin.
As is well known, this model has several critical lines, as a function of the parameters ν and h. The first
we consider is ν > 0 and h = 1, and belongs to the Ising universality class‡. Its low-energy properties are
described by the Majorana fermion, a CFT with central charge c = 1/2. In particular, the point h = 1, ν = 1
is the Ising chain in transverse field (ICTF). The other (ν = 0, |h| < 1) has a vanishing fermion pairing term,
and therefore an additional U(1) symmetry. It belongs to the free compactified boson universality class (or
Luttinger liquid), and has central charge c = 1. In the following, we will mostly focus on these two critical
lines.
L− ℓ
ℓ
A
B
(a) Periodic chain
A B
ℓ L− ℓ
(b) Open chain
Figure 1: Emptiness formation probability for a sequence of ` = 8 consecutive up spins in a system of length
L. For the open chain the fixed spins are the ` first.
One may then ask what is the probability of observing a sequence of ` consecutive up spins, somewhere in
the chain (in the open chain, the sequence ends on the left edge). More precisely, let us denote by A the
subsystem formed by the ` spins, and B the rest. See Fig. 1 for a picture. The reduced density matrix for
A is
ρA = TrB |ψ〉〈ψ|, (3)
and the EFP is defined as
P = 〈↑↑ . . . ↑ |ρA| ↑↑ . . . ↑〉. (4)
For later convenience, we also introduce the logarithmic emptiness formation probability (logEFP )
E = − logP. (5)
We wish to study the asymptotic behavior of E with the size `, while keeping the aspect ratio fixed to a
certain fixed value `/L ∈ [0; 1). We are mainly interested in identifying universal terms in the process. In
the following we use the notation Ep in the periodic system, and Eo in the open system.
‡ We ignore here the other similar line ν > 0, h = −1, because it involves changes in conformal boundary conditions. We
discuss this in Sec. 5.1.
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1.3. Outline and summary of the results
The paper is organized as follows. In Sec. 2 we study the example of the Ising critical line, and show that the
ferromagnetic string acts as an additional boundary in euclidean time. We then use boundary CFT methods
to compute universal terms in the logEFP . In particular we obtain
Ep = a1`+ c
8
log
[
L
pi
sin
(
pi`
L
)]
+ a
(p)
0 −
ξc
8
cot
(
pi`
L
)
log `
L
+O
(
1
`
)
, (6)
Eo = a1`− c
16
log
[
4L
pi
tan2
(
pi`
2L
)
sin
(
pi`
L
) ]+ a(o)0 + ξc32 × 2− cos
(
pi`
L
)
sin
(
pi`
L
) log `
L
+O
(
1
`
)
. (7)
c is the (universal) central charge. a1, a
(p)
0 , a
(o)
0 are non universal, we compute them using asymptotic results
on Toeplitz and Toeplitz + Hankel determinants in Sec. 3. The “extrapolation length” ξ is also a non
universal quantity, known in the context of surface critical phenomena [24]. We show that
ξ =
1
2ν
(8)
for the Ising critical line of the XY chain. The L−1 log ` terms can be seen as semi-universal [25]: once ξ is
fixed they are solely determined by the central charge of the CFT, and the geometry of the system. For the
EFP this type of correction goes slightly beyond the available mathematical results on Toeplitz determinants,
and offers an interesting generalization to a recently raised conjecture [26]. Our main result (6) also applies
to any unitary CFT with central charge c < 1. The generalization of the open case (7) to any such CFTs is
also straightforward.
We then turn our attention (Sec. 4) to the XXZ chain, as an example of a free c = 1 boson CFT, and an
important exception. This is known to exhibit strikingly different behavior, with in particular the logEFP
scaling as
Ep,o = a(p,o)2 `2 + a(p,o)1 `+ b(p,o)0 log `+O(1). (9)
We propose a simple qualitative picture for such a behavior, in which the ferromagnetic string in imaginary
time generates a region of area ∝ `2 where the degrees of freedom are frozen. Crucial to this argument is
the fact that magnetization is conserved, which is not the case for Ising. A massless field theory, which is
not a CFT, then lives at the exterior of this region. This picture is a manifestation of the well-known arctic
phenomenon for dimers. We also provide numerical evidence for the universality of b0, by studying different
lattice realizations and varying the aspect ratio `/L. The analytical derivation of b0 using field-theoretical
methods is however left as an important open problem.
Finally in Sec. 5, we briefly discuss some related problems to which our results could be applied, including
the Shannon entropy and full counting statistics.
2. The ferroelectric string as a conformal boundary condition
This section mainly relies on a simple observation: the configuration with ` up spins, viewed in euclidean
time, should renormalize to a conformal boundary condition [27]. We explain why this is in Sec 2.1, before
applying it to the calculation of universal logarithmic terms (Sec 2.2) and semi-universal corrections (Sec 2.3).
2.1. Imaginary time picture
The projector onto the ground-state |ψ〉 〈ψ| of the Hamiltonian H can formally be seen as the result of an
infinite imaginary time evolution
e−τH ∼
τ→∞ e
−τE0 |ψ〉 〈ψ| (10)
where E0 is the ground-state energy. Using this, the EFP can be rewritten as
P = lim
τ→∞
〈s| e−τHδ(|σ〉 − |↑ . . . ↑〉)e−τH |s〉
〈s|e−2τH |s〉 , (11)
5
where |s〉 is any state not orthogonal to the ground-state, and δ(|σ〉− |↑ . . . ↑〉) selects the configuration with
all spins up in the z-basis. However the classical spins in the 2d Ising model correspond, before taking the
Hamiltonian limit, to the eigenstates of the σxj . Therefore, a configuration with all spins up in the z-basis
translates into
|↑↑ . . . ↑〉z = 1
2`/2
(|→〉x + |←〉x) (|→〉x + |←〉x) . . . (|→〉x + |←〉x) (12)
=
1
2`/2
∑
{σxj =→,←}
|σx1σx2 . . . σx` 〉 (13)
= |free〉x, (14)
a state where all orientations are allowed. From the point of view of the 2d Ising model, this corresponds
to imposing a free boundary condition on the spins. This lattice free boundary condition is expected to
renormalize to a free conformal boundary condition [27]. Hence, taking (minus) the logarithm of (11) yields
Ep = − log
(
Z(slit)cyl
Zcyl
)
. (15)
Zcyl is the partition function of an infinite cylinder, and Z(slit)cyl is the partition function of an infinite cylinder
with a slit inserted in the middle, as is shown in Fig. 2a. In the open geometry the cylinders are replaced by
strips, see Fig. 2b. Since the external boundary conditions are also free, there are no changes in boundary
conditions. In both cases, the logarithmic EFP is given by the corresponding differences in free energies
F = − logZ.
ℓ
L
τ
(a) Infinite cylinder with a slit
ℓ
L
τ
(b) Infinite strip with a slit
Figure 2: Space-time geometry (the time direction is vertical). In the cylinder geometry, there are two
corners with angle 2pi. In the strip geometry only one corner has angle 2pi, but there are two additional
corners with angle pi/2.
From general arguments, each free energy has to leading order a “bulk” contribution proportional to the area
L×2τ of the cylinder (strip), but this contribution is cancelled in the ratio (15) defining the logEFP . Then,
there is a “line” contribution proportional to the boundary lengths, which are 2L+ ` for the slitted cylinder
(strip), and 2L for the cylinder (strip). Hence the leading contribution to the logEFP will be proportional
to `. More precisely, we expect
E = − logP = a1`+ b0 logL+ f(`/L) + a0 + o(`0). (16)
a1 is the lineic free energy contribution of the slit. Let us now explain the next two terms. As was first
pointed out by Cardy and Peschel [28], the logarithmic divergence is a general consequence of the presence
of corners in the partition functions we have to evaluate. Indeed, there are two corners with angle 2pi in
6
Z(slit)cyl , and one 2pi as well as two pi/2 corners in Z(slit)strip . The coefficient b takes a simple form: for each corner
with angle θ there is a contribution [28]
∆F =
[
c
24
(
θ
pi
− pi
θ
)
+
pi
θ
hbcc
]
logL (17)
to the free energy. c is the central charge of the corresponding conformal field theory, with c = 1/2 for the
Ising universality class. hbcc is the dimension of a possible boundary changing operator, but there are none
here (hbcc = 0) since all boundaries are free. We therefore have b0 = c/8 = 1/16 in the periodic geometry,
and b0 = −c/16 = −1/32 in the open geometry. The non-trivial function f(`/L) of the aspect ratio `/L is
there because of the long-range correlations in our critical system. We calculate it in the next section using
CFT. a0 is a constant. Notice that both a1 and a0 are cutoff-dependent and therefore non-universal. We
calculate them for the Ising chain in Sec. 3, using exact results on the asymptotics of Toeplitz and Toeplitz
+ Hankel determinants.
Let us finally mention that the coefficient b0 has a discontinuity for the aspect ratio `/L = 1: in this
limit the corners disappear in the periodic geometry, and become four pi/2 corners in the open geometry.
We refer to [29, 30] for a study of the corresponding universal terms. In the following, we shall focus solely
on the case 0 ≤ `/L < 1.
2.2. Logarithmic terms
CFT derivation.— The universal scaling function f(`/L) can be obtained as follows. We use complex
coordinates w = x + iτ on the cylinder (x ∈ [0, L)). Let C be a contour around the slit, and w0 = x0 + iτ0
a point on the slit. We consider the infinitesimal transformation w 7→ w + δ`Θ(x − x0) inside the contour,
and w 7→ w outside. Θ is the Heaviside step function. Such a transformation stretches the slit by δ` in
the horizontal direction, while keeping L unchanged. The variation of the free energy is encoded in the Txx
component of the stress-energy tensor as
δF =
δ`
2pi
∫
C
〈Txx〉 dw. (18)
In complex coordinates we have Txx = T (w) + T¯ (w¯). The integral can be obtained by mapping back the
slitted cylinder to the upper half plane H = {z ∈ C, Im z > 0}, where 〈T (z)〉H = 0 due to translational
invariance. The transformation law of the stress tensor is
T (z) = (w′(z))2 T (w) +
c
12
{w(z), z}, (19)
where {w(z), z} denotes the Schwarzian derivative of w(z)
{w(z), z} = w
′′′(z)
w′(z)
− 3
2
(
w′′(z)
w′(z)
)2
. (20)
The contributions of the holomorphic and anti-holomorphic parts of the stress-tensor are identical, and we
get
δF
δ`
= − c
12pi
∫
w−1(C)
S(z) dz , S(z) = (w′(z))−1 {w(z), z}. (21)
The conformal transformation from the upper-half plane is given by§
w(z) =
L
2ipi
log
[
1 + z2eipi`/L
z2 + eipi`/L
]
(22)
and the integral (21) can be evaluated using the Residue theorem. We find
δF
δ`
=
pic
8L tan(pi`/L)
. (23)
§ A possible way to find this transformation is to map the cylinder to the plane, using u = e2ipiw/L. The image of the slit is
a circular arc with radius 1. This arc can be mapped to R+ using a Moebius transformation ζ = (u− u1)/(u− u2), where u1
and u2 are the images of the two endpoints of the slit. The resulting geometry is sent to the upper-half plane using z =
√
ζ.
This finally gives us z(w), which may be inverted to get w(z).
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This can be integrated to F =
∫ `

δF .  is an UV cutoff of the order of a lattice spacing, which gives back
the contribution from the Cardy-Peschel formula (17). The other contribution is
f(`/L) =
c
8
log
(
sin
pi`
L
)
, (24)
and we finally get
Ep − a1` = c
8
log
[
L
pi
sin
(
pi`
L
)]
+ a
(p)
0 + o(1), (25)
where a
(p)
0 is a non universal constant. Notice that such a “chord-length” scaling is quite common, as it
appears for example in the study of the entanglement entropy [31], albeit with a different prefactor. Also in
our case this is a subleading term, due to the presence of a line free energy.
The open geometry can be treated as well. The conformal transformation from the upper half-plane is
modified to‖
w(z) =
2L
pi
arctan
[
tan
(
pi`
2L
)√
1− z2
]
, (26)
and we find
Ep − a1` = − c
16
log
[
4L
pi
tan2
(
pi`
2L
)
sin
(
pi`
L
) ]+ a(o)0 + o(1) (27)
after a similar calculation. It is important that the ` up spins stand at the beginning of the open chain.
If this is not the case the slit does not touch the left boundary any more, and the corresponding space-
time geometry has the topology of an annulus, as opposed to the upper-half plane in our derivation. Global
conformal invariance would then not be sufficiently strong to constrain the finite-size scaling function f(`/L),
and this would make its determination much more difficult.
Numerical checks.— We provide here some numerical evidence to support our main results (25) and (27),
focusing on the Ising chain in transverse field. As is well known, such a chain can be studied by a mapping
onto free fermions [32]. The calculation of the EFP essentially boils down to a determinant, as follows from
the Wick theorem. See e.g Refs. [23, 29, 33] for the details. In particular we have
Pp = det
1≤i,j≤`
(
δij
2
+
1
2L
csc
[
pi(i− j + 1/2)
L
])
, (28)
in the periodic case, and
Po = det
1≤i,j≤`
(
δij
2
+
1
4L+ 2
csc
[
pi(i− j + 1/2)
2L+ 1
]
+
1
4L+ 2
csc
[
pi(i+ j − 1/2)
2L+ 1
])
(29)
in the open case. Here csc denotes the cosecant function
cscx =
1
sinx
. (30)
It is then straightforward to compute these determinant numerically, using standard Linear Algebra routines.
The results are shown in Fig. 3, where we plot E − a1` for system sizes up to L = 4096 and several aspect
ratios `/L. For a1 we used the exact results in section. 3, which gives a1 = log 2− 2Cpi , where C is Catalan’s
number. It can also be obtained with very good accuracy by fitting E to Eq. (6,7) for any aspect ratio `/L.
As can be seen from the plot, the numerics agree very well with the CFT result, and even more so for the
largest system sizes. Notice that in the periodic geometry, the invariance under ` → L − ` is only exact in
the asymptotic L→∞ limit. Indeed, we shall see in the next subsection that the first subleading correction
is actually antisymmetric under ` → L − `, and both these prediction are non-trivial. Let us mention that
these results can be checked away from the ICTF (h = 1, ν 6= 1), as is shown in Sec 2.4.
‖ The strip is mapped to the upper half-plane using u = eipiw/L. The image of the slit is again a circular arc with radius 1,
which is mapped to a slit [0; i] using a Moebius transformation ζ(u), and mapped to the upper half plane using z =
√
1 + ζ2.
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(a) Periodic geometry
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Figure 3: Numerical extraction of the logarithmic terms (Eqs. (25, 27)). We show the data for system sizes
L = 64, 256, 1024, 4096 and the aspect ratios `/L = 1/16, 2/16, . . . , 15/16. The regular spacings between the
curves reflect the global scaling of the EFP, (c/8) logL for (a) and −(c/16) logL for (b).
2.3. An unusual subleading correction
Let us now discuss lattice effects, and the possible subleading corrections they generate. In general these
may be understood by adding perturbations by local operators to the CFT action. The operators can live
in the bulk, or be localized near the boundary. In any case they need to be consistent with the symmetries
of the physical system, and also be irrelevant (or at worst, marginal). Indeed, any relevant operator would
drive the system to a different bulk CFT, or a different conformal boundary condition.
Here we focus on a generic perturbation by the stress-tensor itself along the boundary, following [25].
The stress-tensor is arguably always one of the leading irrelevant operators, and we shall see that it actually
produces the leading finite-size effects in our problem. Such a perturbation also admits an interesting physical
interpretation [34]. Let us modify the CFT action to
S → S + ξ
2pi
∫
slit
dxTxx, (31)
where the perturbation is localized near the slit. The coupling ξ has the dimension of a length, and is
typically of the order of one lattice spacing. Such a perturbation effectively pushes the conformal boundary
to a distance ξ, to make up for the fact that the physical (lattice) boundary and the (RG invariant) conformal
boundary have no reason to lie at the exact same position. For this reason, ξ is nothing but the “extrapolation
length”, a standard concept in boundary critical phenomena [24]. Let us also mention that this perturbation
plays a key role in the study of quantum quenches [35] as well as the entanglement spectrum in fractional
quantum Hall states [34].
CFT derivation.— Here we reproduce the main arguments of Ref. [25], and refer to it for the detail. In the
presence of a corner with angle 2pi, perturbing by the stress tensor produces to leading order an interesting
correction of the form L−1 log `, whose prefactor may be exactly determined for simple enough geometries.
In general the contribution of the perturbation (31) to the free energy is given by the following power series
∆F = −
∞∑
n=1
(−ξ
2pi
)n
1
n!
∫
slit
dx1
∫
slit
dx2 . . .
∫
slit
dxn 〈Txx(x1)Txx(x2) . . . Txx(xn)〉. (32)
Let us explain the physical origin of the logarithmic correction on the simplest example of the infinite
geometry. In this limit (L→∞), the conformal transformation simplifies into
w(z) =
`
2
z2 − 1
z2 + 1
. (33)
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The slit is the interval [−`/2, `/2] and its image through the inverse conformal mapping is R+. Using
Txx = T (w) + T (w):
∆F = −ξc
pi
∫ `/2−
−`/2+
〈T (w)〉 dw = ξc
12pi
∫ w−1(`/2−)
w−1(−`/2+)
S(z) dz. (34)
We have used once again the mapping to the upper-half plane and 〈T (z)〉 = 0. The regulator  in Eq. (34)
is of the order of a lattice spacing, and acts as an ultraviolet cutoff. S(z) is given here by
S(z) =
3
2`
(
1
2z3
− 1
z
+
z
2
)
(35)
For ` large we also have w−1(−`/2 + ) ∼ √/` and w−1(`/2 − ) ∼ √`/, and this allows to get the
subleading contributions to the free energy. The term proportional to z in S(z) generates a correction ∼ 1/
of order one, and the term proportional to 1/z3 generates a correction in ∼ `−2. The most interesting
contribution comes from the 1/z term
∆F˜ = − ξc
8pi
log(`/)
`
, (36)
which is the `−1 log ` advertised earlier. Notice that (36) also yields a contribution proportional to `−1 log .
This term is much less interesting to us, but it is important to take it into account for numerical purposes
(see below). The `−1 log ` is specific to corners with angle 2pi. It can be shown that for an angle θ,
the corresponding contribution to S(z) takes the form z1−θ/pi, which can only produce a logarithm after
integration when θ = 2pi.
In the more general finite-size case we use the result of [25]. The contribution of interest is given by
g(`/L) =
ξc
24pi
(∑
c
w′′(zc)
|w′′(zc)|Res [S(z); z = zc]
)
× log ` , S(z) = (w′(z))−1 {w(z), z}, (37)
where the sum runs over all the 2pi corners, their positions being w(zc). w(z) is the conformal transformation
from the upper half plane. The open geometry has only one such corner, and applying this formula we obtain
go(`/L) =
ξc
32
× 2− cos
(
pi`
L
)
sin
(
pi`
L
) × log `
L
. (38)
A similar calculation, with two corners, yields
gp(`/L) = −ξc
8
× cot
(
pi`
L
)
× log `
L
(39)
in the periodic geometry. This term reproduces Eq. (36) in the limit `/L→ 0. Eqs. (39, 38) can be seen as
“semi-universal”. While they are proportional to the extrapolation length which is a non universal quantity,
the central charge also appears and the shape as a function of `/L is purely geometric: it does not depend
on the specifics of the model. Another way to see this is to replace the dominant length scales L and ` by
L +  and ` + ε, where  and ε are short distance cutoffs, of the order of a lattice spacing. Performing this
substitution in Eq. (16) and expanding again, it is easy to see that the L−1 log ` terms remain unaffected.
Numerical checks.— The extrapolation length is a so far unknown function of ν on the Ising critical line.
It should a priori depend on the boundary condition, but it has been found that ξ = 1/2 for free boundary
conditions in the ICTF [25]. which we study here. To make contact with our predictions we consider the
combination
Ep − a1`− c
8
log
[
L
pi
sin
(
pi`
L
)]
(40)
in the periodic geometry, and a similar combination in the open case. We then fit this to d0 + d1L
−1 log `+
d2L
−1 for various system sizes up to L = 4096 and several aspect ratios `/L. The results are summarized in
Fig. 4, and show again a very good agreement with our prediction. We emphasize the importance of adding
a last term d2L
−1 to remove the otherwise large finite-size effects.
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Figure 4: Numerical extraction of the L−1 log ` term for the ICTF in both geometries, for aspect ratios
`/L = 1/16, 2/16, . . . , 15/16. The agreement with the CFT predictions of Eqs. (39, 38) is close to perfect,
with a relative error smaller than to one percent.
2.4. Universality of the emptiness formation probability
We discuss in this section the universality of the results we derived. Let us first focus on the XY chain in
transverse field for general ν > 0 (only ν = 1 was considered before). We consider a periodic system, but
the open case is similar. The EFP is given by
Pp = det
1≤i,j≤`
(
δij
2
+
1
2L
∑
q
cos [q(i− j) + θq]
)
(41)
where the sum runs over q = (2m+ 1)pi/L, m = −L/2, . . . L/2− 1, and θq = arctan(ν tan q2 ). Its numerical
computation for large system sizes remains straightforward. Since the XY chain belongs to the Ising
universality class for any ν > 0, the logarithmic terms derived in section 2.2 are expected to still hold.
This is indeed the case, as is shown in Fig. 5a. We plot here the leading logarithmic term E(`, L)− a1` for
a very large total system size and various values of ν. The agreement with CFT remains perfect.
The `−1 log ` correction turns out to be more interesting, as the perturbed CFT result (39) is proportional
to the extrapolation length ξ, which depends on the details of the lattice model and therefore on ν. We
extract ξ(ν) in Fig. 5b, by plotting the ratio
L−1 log ` term
− c8 cot pi`L
(42)
for various aspect ratios `/L and using the same procedure as at the end of Sec 2.3 (ν = 1). Provided Eq. (39)
is correct, this should converge to ξ(ν), independent on the aspect ratio. As can be seen the numerical results
agree very well with this prediction. From them we are also able to conjecture the simple formula
ξ(ν) =
1
2ν
(43)
for the extrapolation length. This is compatible with the known value ξ(ν = 1) = 1/2 for the ICTF, and
will be computed in the next section.
The Ising CFT is the simplest example of an unitary CFT with central charge c < 1, the so-called
unitary minimal models (or their subsets). All these CFT have a finite number of primary fields, and so
a finite number of allowed conformal boundary conditions [27]. These minimal models describe the long-
distance physics of several critical spin chains. For example, one can study a generalization of the Ising chain
corresponding to the Hamiltonian limit of the Q = 3 states Potts model [36], or anyonic chains [37] related
to RSOS models [38] and their generalizations [39, 40].
For all these models one can define an analogue of the configuration with all up spins, and this
homogeneous configuration is expected to renormalize to one the allowed conformal boundary conditions.
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Figure 5: (a): Logarithmic terms E(`, L) − a1` for system size L = 4096 and anisotropies ν =
0.6, 0.8, 1, 1.2, 1.4. The shift between the curves is due to the non-universal constant a
(p)
0 . (b): Extraction
of the extrapolation length ξ(ν), by plotting the ratio of Eq. (42) for the same values of ν as in (a). Red
curves are our conjecture ξ(ν) = 1/(2ν), which reproduces the data very well. We use the system sizes
L = 3072, 3584, 4096 for the fit.
This determination has been done for many CFTs (see e.g. [104, 27, 105]). For a periodic system the
derivation of the leading logarithmic term is not sensitive to the boundary condition, provided it is conformal.
Hence we expect the result
Ep − a1` = c
8
log
[
L
pi
sin
(
pi`
L
)]
+ o(1) (44)
to hold for all these models. In an open system one needs to be more careful, as the conformal boundary
condition on the slit can happen to differ from the external boundary condition (see Fig. 2b). In this case
one needs to introduce boundary changing operators, and a generalization of the calculation presented in
Sec 2.2 yields
Eo − a1` = c
16
log
[
L
pi
sin
(
pi`
L
)]
+
(
4h− c
8
)
log
[
L
pi
tan
(
pi`
2L
)]
+ o(1). (45)
h is the dimension of the boundary changing operator [27]. Such a phenomenon can also occur in the Ising
chain, if one looks at the probability of having all spins down, see Sec. 5.1. We also expect the L−1 log ` to
be present, however for these models there is no guarantee that this will be the leading correction, and this
can make its numerical extraction much more difficult in practice.
An important exception is the XXZ chain, where the configuration with all up spins is not expected
to renormalize to a conformal boundary condition. This is due to two facts: (i) the number of particles is
conserved by the XXZ Hamiltonian, and (ii) the sequence of up spins injects a lot of particles in the system.
For all the models that share this property we expect (44,45) to break down. However, our boundary CFT
arguments should still apply if an alternating sequence |↑↓↑↓ . . . ↑↓〉 is imposed instead of |↑↑↑↑ . . . ↑↑〉.
Indeed contrary to the latter, the former does not inject any particles in the system. This is discussed in
Sec 5.3. For all models that share the two (i) and (ii) properties, the boundary is not conformal anymore.
This is discussed in Section 4.
3. Relation to the theory of Toeplitz determinants
We now turn our attention to the limit L/`→∞, so that ` becomes the only remaining length scale in the
problem. The results of the previous section simplify into
Ep = a1`+ c
8
log `+ a
(p)
0 −
ξc
8pi
log `
`
+O(1/`), (46)
Eo = a1`− c
16
log `+ a
(o)
0 +
ξc
32pi
log `
`
+O(1/`). (47)
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For the Ising critical line c = 1/2. ξ is a so far analytically unknown function of ν on this line, but
ξ(ν = 1) = 1/2 for the ICTF. Interestingly, the determinants of Eqs. (28) and (29) for the ICTF now take
an even simpler form:
Pp = det
0≤i,j≤`−1
(gi−j) , (48)
Po = det
0≤i,j≤`−1
(gi−j + gi+j+1) , (49)
with
gk =
δk0
2
+
(−1)k
2pi(k + 1/2)
. (50)
The factor (−1)k doesn’t change the determinant, but has been added to make contact with the existing
literature. There are slightly more complicated formulas for general ν. An important feature of these
determinants is that the matrix elements do not depend¶ on the size `, and this allows for a more rigorous
treatment, using known mathematical results. In the following we summarize some of these, regarding the
asymptotics of Toeplitz (48) and Toeplitz+Hankel (49) determinants. This presentation is heuristic, and
does not make any attempt at mathematical rigor. We refer to Refs. [41, 42, 43] for reviews. We then use
these results to find the exact asymptotic expansion of the determinants corresponding to Eq. (50). Let
us finally mention that the first three terms (but not the fourth) in Eq. (46) have already been derived by
Franchini and Abanov [23]; we will come back to this point later.
3.1. The strong Szego¨ limit theorem and the Fisher-Hartwig conjecture
It is customary to see the matrix elements as Fourier coefficients of a certain generating function, usually
called symbol :
gk = [g]k =
1
2pi
∫ 2pi
0
g(φ)e−ikφ , g(φ) =
∑
k∈Z
[g]k e
ikφ. (51)
The following central result is due to Szego¨ [44]. If g(φ) is a sufficiently smooth, non vanishing function with
winding number 0, the asymptotic expansion of detT`(g) = det0≤i,j≤`−1 ([g]i−j) when `→∞ is given by
det(T`(g)) ∼ (G[g])`E[g], (52)
where G[g] is the geometric mean of g(φ)
G[g] = exp ([log g]0) , (53)
and E[g] is given by
E[g] = exp
( ∞∑
k=1
k[log g]k[log g]−k
)
. (54)
The leading exponential term can be intuitively understood by noticing that T` is almost invariant with
respect to translations. Writing down T` in Fourier space yields for large `
U†` T`U` ≈ diag [g(0), g(2pi/`), . . . , g(2pi(`− 1)/`)] , (U`)jl = e−i2pijl/`, (55)
provided the [g]k decay sufficiently fast. The determinant is then dominated by the geometric mean to
the `−th power. Interestingly this result is exponentially accurate. There are however many interesting
physical problems for which the [g]k decay slowly, and the symbol has singularities. This especially tends
to happen when studying critical systems. Among them one can mention the famous Ising magnetization
correlator at the critical point [21], the monomer correlator for dimers on the square lattice [45], full counting
statistics [46, 47], entanglement in critical 1d spin chains [50, 51, 52], just to name a few. The following
¶ Contrary to the determinants (28, 29), because of the fixed non-zero `/L aspect ratio.
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result [53, 54, 55, 56] will be useful for us. Consider generating functions that only possess pointwise “phase”
discontinuities, parametrized as
g(φ) = f(φ)
R∏
r=1
exp
(
iβr arg
[
ei(φ−φr)
])
, (56)
with −pi < φ1 < φ2 < . . . < φR ≤ pi, |βr| < 1/2 and f(φ) sufficiently smooth, e.g. satisfying the hypothesis
of the strong Sze¨go limit theorem. We use the convention arg z ∈ (−pi;pi]. It is also possible to account for
root-type singularities of the form (2− 2 cosφ)α, but we discard them here to make the discussion simpler.
The asymptotic formula for det0≤i,j≤`−1 ([g]i−j) is modified to
det(T`(g)) ∼ (G[f ])` `ωE˜[g] , ω = −
R∑
r=1
β2r (57)
where E˜[g] is a somewhat complicated constant. The most interesting physical piece in such formulae are
the power law correction `ω, because they usually correspond to universal physical terms.
Such a prescription is known as the Fisher-Hartwig conjecture [22], and many instances of this
conjecture and various generalizations are by now theorems [57, 58]. In the following we will also
need similar results for the closely related Toeplitz+Hankel determinants of the form det((T + H)`) =
det0≤i,j≤`−1 ([g]i−j + [g]i+j+1).
3.2. Rigorous asymptotic expansion of the EFP
For the Ising critical line of the XY chain the symbol reads [23]
g(φ) =
1
2
+
1
2
exp
(
−i arctan
[
ν tan
φ
2
])
, (58)
It has an obvious phase discontinuity, due to the divergence of tan φ2 at φ = pi. It can be parametrized as in
Eq. (56), with R = 1, φ1 = 0 and β1 = β = −1/4. f(φ) is given by
f(φ) = |g(φ)| = 1
2
√
2 + 2 cos
(
arctan
[
ν tan
φ
2
])
(59)
and has winding number zero, as it should. Armed with this, it is now straightforward to apply the results
of [56], and get the leading terms in the asymptotic expansion of the emptiness formation probability.
Periodic case.— We recover here the result of [23], which reads
E = a1`+ 1
16
log `+ a
(p)
0 + o(1), (60)
compatible with the CFT prediction. Note that the coefficient of the logarithm is solely determined by β1,
which does not depend on ν. This is also expected from CFT (see. Eq. 46). The non universal constants a1
and a
(p)
0 depends on ν, and are given by
a1 = [log f ]0 (61)
a
(p)
0 = −
∞∑
k=1
k([log f ]k)
2 − log(G(3/4)G(5/4)) (62)
G is the Barnes G-function [59], solution of the functional relation G(z+1) = Γ(z)G(z), where Γ is the Euler
Gamma function. For example at ν = 1, we get the exact a1 = log 2− 2Cpi , as well as a(p)0 = 0.0951599254(1)
by truncating the sum to the first 5000 terms in the sum. C is the Catalan constant.
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Open case.— We apply here the result of Ref. [56], and refer to it for the general formula. Let us just
mention that the critical power law exponent is modified to ω = −β2 − 32β2 = 132 in this particular case.
Once again this exponent does not depend on ν, and we find
E = a1`− 1
32
log `+ a
(o)
0 + o(1), (63)
in agreement with CFT (Eq. 47). a1 is identical to the periodic case, and the other non universal term a
(o)
0
is given by
a
(o)
0 = −
1
2
∞∑
k=1
k([log f ]k)
2 − C
4pi
− log
[
G(3/4)2G(5/4)
G(1/2)27/32pi1/8
]
(64)
Simarly to the periodic case, we get e.g. a
(o)
0 = −0.02149124775(5) at ν = 1.
3.3. Possible subleading corrections
Let us now discuss possible sources of subleading corrections to the general Fisher-Hartwig formula. If one
relaxes the condition on the βr in Eq. (56), the parametrization is not necessarily unique anymore, because
each βr can be shifted by arbitrary integers βr → βr +nr, the zero winding condition on f being ensured by∑
nr = 0. The following result, often dubbed “generalized Fisher-Hartwig” has been conjectured by Basor
and Tracy [57] and proved recently by Deift, Its and Krasovsky [58]:
det(T`(g)) ∼ (G[f ])`
′∑
{nr}
`ω({βr},{nr})E[g; {nr}], , ω({βr}, {nr}) = −
R∑
r=1
(βr + nr)
2 (65)
where the sum runs over all possible nr ∈ Z subject to the condition
∑R
r=1 nr = 0. It is important to stress
that the symbol ∼ stands for equivalent. This formula therefore only differs from Eq. (57) when several
different representations have the same exponent Rew({βr}, {nr}).
It is however tempting to assume that all the terms in (65) appear as subleading corrections to the
determinant. Several studies [60, 61, 62, 46, 47] supported this claim, by showing that at least the first
subleading branches can be identified in the asymptotic expansion. Moreover, each branch can separately
be improved by adding corrections in the form of a power series in `−1. Based on explicit computations of
the first subleading terms, Kozlowski conjectured [26] that this prescription yields, provided f(φ) is smooth,
a full asymptotic expansion of the determinant. More precisely, it is given by
det(T`(g)) = (G[f ])
`
′∑
{nr}
`ω({βr},{nr})E[g; {nr}]
(
1 +
∞∑
i=1
α
(i)
{βr},{nr}`
−i
)
. (66)
In our case the generating function has only one Fisher-Hartwig singularity, which means there is no other
subleading representation+. Because of the cusp at φ = pi, f(φ) is continuous but not smooth, hence our
`−1 log ` does not contradict Eq. (66). The Riemann-Hilbert analysis of Ref. [26] can however be generalized
to account for less regular symbols, by introducing the parametrization
g(φ) = f(φ) (1 + z)
−µ(z)
(1 + 1/z)
−µ¯(z)
, z = eiφ, (67)
where µ and µ¯ are analytic functions of z in some neighborhood of the unit circle, and chosen in such a
way that f(φ) be also analytic∗. For symbols g(φ) that can be written in such a way, the Riemann-Hilbert
approach allows to obtain the form of the subleading corrections: in general each coefficient α
(i)
{βr},{nr} in
+ We point out a slight inaccuracy in Ref. [23], where the authors considered a parametrization with β1 + 1 and conjectured a
subleading term in `−(β1+1)
2+β21 = `−1/2 in the logEFP . Such a parametrization is however forbidden, because f(φ) doesn’t
have winding number zero in this case.∗ I am grateful to Karol Kozlowski for explaining this to me.
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Eq. (66) should likely be replaced by a polynomial of degree at most i in log `. One can check that writing
µ(z) = − β −
∞∑
p=1
ηp(z + 1)
p (68)
µ¯(z) = β −
∞∑
p=1
ηp(1/z + 1)
p, (69)
with β = −1/4 as before preserves the phase discontinuity at θ = pi. Notice that ηp = 0 for all p would give
back the previous parametrization of Eq. (56). The ηp have to be set so as to smoothen the more regular
part of the symbol f(φ) around the singularity at θ = pi. Let us determine the first few for the Ising critical
line of the XY chain, where the symbol is given by Eq. (58). η1 = − 14piν is obtained by imposing f ′(pi) = 0,
and η2 = η1/2 is the only value that makes the second derivative f
′′(pi) finite. It turns out the knowledge of
η1 is sufficient for our purpose. Pushing further the analysis of Ref. [26] we get a term of the form
2β2η1 × log `
`
= − 1
32piν
× log `
`
(70)
to the logEFP . Comparison with the CFT prediction (46) yields an extrapolation length
ξ(ν) =
1
2ν
, (71)
consistent with our previous numerical results of Sec. (2.3), as well as the result ξ(ν = 1) = 1/2 of [25].
We also study a generalization, relevant to the full counting statistics, in Sec. 5.2. Finally, let us mention
that a similar structure of logarithmic corrections has already been studied for closely related Fredholm
determinants of the generalized sine kernel (see e.g. Refs. [48, 49]).
Since our results are based on heuristic arguments, we are unable to prove the existence of the `−1 log `
term. To numerically resolve this issue, it is convenient to form the combination
Ξ(`) = (E − a1`− b0 log `− a0)× ` (72)
either in the periodic or open case. Provided the CFT result is correct, this quantity should scale as
Ξ(`) = γ log `+ δ + o(1). (73)
Fig. 6 shows some numerical data for the ICTF in the periodic case, where Ξ(`) is plotted against log `,
for various system sizes between ` = 128 and ` = 16384. The data follows an almost straight line, and
confirms the scaling of Eq. (73). Our best numerical estimate is γ = −0.00994(2) which agrees with the
predicted γ = −1/(32pi) within less than 0.1 percents of relative error. We also observed that this estimate
can be improved by adding further subleading corrections. We found that adding two terms of the form
b−2`−2 log2 ` and a−2`−2 reproduces the numerical data very well, and brings the relative error on γ under
4.10−6. A similar (but not identical) scaling has also been observed [63, 25] for the fidelity considered in [64],
where a closed-form formula can be derived and a systematic asymptotic expansion be performed. In this
case there is a `−1 log ` as well, but the subleading corrections take the somewhat simpler form of `−p log `
and `−p terms, with p ≥ 1.
Let us now summarize our findings. In general we expect the logEFP to scale as
E = a1`+ b0 log `+ a0 +
∞∑
p=1
(
p∑
k=0
ap,k (log `)
k
)
× `−p (74)
where the prefactor of the `−p is a polynomial of degree at most p in log `. Such a scaling is natural in terms of
higher-order corrections to the Toeplitz determinant, but also in CFT. Indeed, taking into account the other
contributions of the perturbed expansion (32) leads to a similar structure for the corrections, although the
precise determination of all terms becomes very quickly cumbersome. Note however that not all logarithmic
terms in the expansion (74) are semi-universal, in the sense defined in Sec. 2.3: making the substitution
`→ `+  in Eq. (74) and expanding again, we observe that a (log `)k`−p remains unchanged only if all the
lesser subleading corrections are of the form (log `)k
′
`−p
′
, with k′ < k and p′ < p. In particular this implies
that the (log `)k`−k are automatically semi-universal, but the other terms usually not; the former would be
the most interesting to study within CFT.
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Figure 6: Ξ(`) for system sizes ` = 128, 256, 512, 1024, 2048, 4096, 8192, 16384. The data is plotted as a
function of log ` and agrees very well with the scaling predicted from CFT.
4. The ferroelectric string as a boundary that breaks scale-invariance
We now turn our attention to the XXZ chain, and related models with conserved magnetization. The
Hamiltonian of the XXZ chain reads
H =
∑
j
(
σxj σ
x
j+1 + σ
y
j σ
y
j+1 + ∆σ
z
jσ
z
j+1
)
. (75)
It is well established that the low energy physics of such systems is described by a Luttinger liquid CFT[65]
in the range −1 < ∆ ≤ 1. In imaginary time this is a Gaussian model, with action
S =
κ
4pi
∫
(∇ϕ)2 dxdy , ϕ ≡ ϕ+ 2pir (76)
The “height” field ϕ lives on a circle of radius r. The physical parameter that governs the decay of the
correlations is the compactification radius R = r
√
2κ. For the XXZ chain it is given by
R(∆) =
√
2− 2
pi
arccos ∆. (77)
In the following we will explain the scaling of the logEFP for general ∆ using simple imaginary time
arguments. Roughly speaking, the XXZ Hamiltonian conserves the particle number (or magnetization), and
imposing a long sequence of up spins injects a lot of particles in the system. The slit of Sec. 2 then becomes a
non trivial region and this breaks conformal invariance. We will also check this argument at the free-fermion
points ∆ = 0 (or R = 1), where numerical computations of these regions simplify considerably.
4.1. Scaling of the EFP
Many exact results are available for the scaling of the EFP, both for the infinite and semi-infinite geometries.
Generically we have
E = a2`2 + a1`+ b0 log `+ o(1), (78)
so that the leading term is proportional to `2, in contradction with and the analysis of Sec. 2 for Ising
and minimal models. We explain the precise physical origin of this leading term in the next subsection.
Intuitively the difference with Ising comes from the fact that the ferroelectric string injects a lot of particles
(or up spins) in a system where the total number of particles is fixed (or that has zero total magnetization).
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We also want to provide numerical evidence for the universality of the subleading logarithms in 4.3. To try
and achieve both goals it is convenient to introduce another free fermionic spin chain with radius R = 1:
Hd =
∑
j
[
c†2j (c2j−2 + c2j−1 + 3c2j + c2j+1 + c2j+2) + c
†
2j+1 (c2j + c2j+1 + c2j+2)
]
+h.c(79)
Just like the XXZ chain has the same eigenvectors as the transfer matrix of the six-vertex model, Hd has
the same eigenvectors as the transfer matrix of the dimer model on the square lattice [66, 67, 68]. Hence we
dub (79) the “dimer chain”. It is also possible to consider generalizations corresponding to the interacting
dimer model[67], which have a radius R 6= 1. In terms of dimers a ↑ spin (or a fermion) is either an even
vertical link occupied by a dimer, or an empty odd vertical link. The ferroelectric string in the spin language
corresponds here to an alternating sequence |1010 . . . 10〉 of links occupied (1) by a dimer, and empty links
(0). The EFP of both periodic chains can easily be calculated as a determinant P = det0≤i,j≤`−1(mij) using
Wick’s theorem [14]. The matrix elements are given by
mij =
sin pi2 (i− j)
L sin piL (i− j)
(80)
for the periodic XX chain at half-filling. In the limit L→∞ the corresponding symbol takes the form
g(φ) =
1
2
+
1
2
sgn (cosφ) =
{
1 , pi ≤ φ ≤ 3pi/2
0 , otherwise
(81)
so that it vanishes on two whole intervals of [0; 2pi]. This is a big difference with the Ising case, as we
cannot apply Fisher-Hartwig related results to this determinant. Here the enhanced scaling proportional to
`2 follows from Ref. [69]. In the dimer chain the matrix elements are given by
mij =
δij
2
+
(−1)ij
L
∑
q∈Q
cos
[
q
2 (1 + (−1)i−j)
]√
1 + cos2 q
cos[q(i− j)] (82)
Here Q = { −pi + (2m+ 1)pi/L | m = 0, . . . , L/2 }. This matrix is only block Toeplitz, because of the factor
(−1)ij . There are also similar formulae for the open chains. Finally, note that such determinants are closely
related to the so-called “gap-probability” encountered in the study of random matrices [70].
4.2. Imaginary time picture, and the arctic circle phenomenon
Before presenting our results, let us mention that it is possible to look at the imaginary time picture for a
weakly magnetized string, where bosonization applies [17]. It was shown that already in this limit, the slit
shown in Sec. 2 becomes an ellipse, where the degrees of freedom are frozen. It was however noted that this
picture agrees only qualitatively with the numerical data at maximum magnetization. Here we determine
the region numerically for finite but large ` in the dimer model. The XX chain should give similar results.
We first recall the height mapping for dimers. Let us associate an integer height with each plaquette of
the lattice, as illustrated in Fig. 7. The heights are defined as follows. Set the value on the lower leftmost
face to be zero. Then, turning counterclockwise around a site of the even (resp. odd) sublattice represented
by black squares (resp. white squares), the height picks +3 (resp. −3) when crossing a dimer, −1 (resp. +1)
otherwise. It is easy to see that the flat configurations should dominate the others: after coarse-graining the
long distance physics is well described by the gaussian action of Eq. (76).
However, the EFP is exactly the probability of observing a ferromagnetic string such as the one shown
in Fig. 7b (in red). This corresponds to imposing the maximum slope on the height field (injecting lots of
fermions in fermionic language). Such a constraint has far reaching consequences, due to the dimer hardcore
rules. In particular, Fig. 7b shows (in blue) all the links whose occupation probabilities are automatically
set to 0 or 1. In this triangular region the dimers are completely frozen. This observation already explains
the scaling of the logEFP : since there is a deficit in bulk free energy proportional to the area of this region,
the logEFP will be proportional to `2. For the six-vertex model the same argument applies, using the
ice rules instead of the dimer hardcore constraint. Note also that the argument is so far independent of
possible interactions, that can be introduced by a non-zero ∆ in the XXZ chain, or dimer interactions on
the plaquettes.
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0 −1 0 −1 0 −1 0
1 2 1 2 1 −2 1
0 −1 0 3 0 −1 0
1 2 1 2 1 −2 1
0 3 4 3 4 3 0
1 2 1 2 1 2 1
0 −1 0 −1 0 −1 0
(a) 6× 6 square lattice.
1 2
0 3 4
1 2 5 6
0 3 4 7 8
1 2 5 6
0 3 4
1 2
(b) Emptiness formation probability
Figure 7: Height mapping. (a): 6× 6 square lattice with open boundaries. (b): a sequence | ↑↑↑↑〉 = |1010〉
is imposed at the left of the fourth row in a semi-infinite grid. The dimers are the red thick lines, the empty
links are the red zigzag lines. Due to the hardcore constraint, the occupation probabilities of several other
links are set to p = 0 or p = 1 (in blue). The frozen region corresponds to a maximal slope for the height.
In the limit `→∞ such constraints become highly non trivial: the precise form of frozen region extends
further than shown in Fig. 7b, and should a priori depend on the interactions. It is represented in Fig. 8b,
for a slit of length ` = 56. We also show in Fig. 8a the region corresponding to the infinite geometry. The
pictures are obtained as follows. First we calculate the probabilities associated to dimer occupancies on all
links. The procedure to get them is described in Appendix A, and makes extensive use of the Pfaffian solution
[71] of the dimer model. Second we associate a mean height to each plaquette using these probabilities].
Third we define a discrete squared gradient
(∇dϕ)2 = [ϕ(ix, iy + 1)− ϕ(ix, iy − 1)]2 + [ϕ(ix + 1, iy)− ϕ(ix − 1, iy)]2 . (83)
The maximum gradient is (∇dϕ)2 = 16. We draw in blue the frozen region where the gradient is maximal
and in black the regions with zero gradient. Intermediate regions are shown as a mixture of the two colors.
Fig. 8a (resp. 8b) shows the results for the frozen region in the infinite (resp. semi-infinite) geometry. We
also show in Fig. 8c an example of height profile.
(a) frozen region (b) frozen region (c) height profile
Figure 8: Arctic phenomenon generated by the ferroelectric configuration ↑↑ . . . ↑. (a): Slit of length ` = 56
in the infinite geometry. The data is shown on a 112 × 84 rectangle, and the frozen region is in blue. (b):
Slit of length ` = 56 in the semi-infinite geometry. The data is shown on a 112 × 168 rectangle. (c): Slit
of length ` = 56 in the semi-infinite geometry. Same setup as for (b), but with the discrete heights shown
(high heights are in red).
] For example the height picks ± (3× p− 1× (1− p)) = ±(4p− 1) when crossing a link occupied by a dimer with probability
p, and empty with probability 1− p.
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The limiting shape is a non trivial curve with several cusps. Notice that outside of the frozen region
the dimer occupancies are still constrained (and therefore anisotropic), although they are not sufficiently far
away. Using this we can interpret the leading term in the EFP: it is simply due to a deficit in free energy
coming from the arctic region, as well its proximity, where the free energy is not constant with the position.
Interestingly, the limiting shape for the semi-infinite geometry with slit length ` seems to match perfectly
half that of the infinite geometry with slit 2`. This observation is consistent with the exact results of [19, 15],
which give a2(semi− inf) = 2a2(inf) in the XX chain.
Inspired by the results of Sec. 2, it is tempting to look at the arctic regions for a finite aspect ratio
`/L, to see if the frozen region is modified. We present in Fig. 9 some numerical results regarding this
question in the open geometry (the periodic geometry is similar). We observe that, as long as `/L remains
relatively small (figs. 9a and 9b), the picture looks more or less the same, up to a global dilatation. However
the leading coefficient of the logEFP seems to change slightly (anticipating on table. 2), when varying the
aspect ratio, so that this observation is probably only approximate. Also the limiting case `/L = 1/2 is
interesting, because the sequence of L/2 consecutive up spins has to be followed by L/2 consecutive down
spins, due to the zero magnetization constraint. In this case the frozen region even cuts the imaginary time
picture in two disconnected parts (see figure. 9c). It will be shown in Sec 4.3 to have a huge impact on the
logarithmic terms.
(a) ` = 16 (b) ` = 24 (c) ` = 32
Figure 9: Arctic phenomenon for an open system of total length L = 64. The frozen region is shown for
three different slit lengths ` = 16 (a), ` = 24 (b) and ` = 32 (c). Notice for case (c) that the blue region cuts
the system in two.
Such a behavior is yet another manifestation of the arctic phenomenon, first discovered in the study of
dimers on the Aztec diamond [72]. Compared to the standard rectangular geometry, the dimers are highly
constrained near the corners of the diamond, and these constraints propagate on macroscopic scales. In terms
of heights the slope is maximal on all sides of the diamond, and the authors of [72] managed to prove that
all degrees of freedom outside of the arctic circle were frozen. An illustration of this phenomenon is shown
in figure. 10a. Note that the Aztec diamond can easily be generated by imposing maximally magnetized
boundary conditions on a square: in terms of transfer matrix the partition function for dimers on the Aztec
diamond of diameter Lx reads
Z = 〈↑ . . . ↑↓ . . . ↓ |TLx | ↑ . . . ↑↓ . . . ↓〉, (84)
provided Ly ≥ Lx. T is the transfer matrix of the dimer model, acting on the vector space of dimension 2Ly
generated by the dimer occupancies along a vertical line. See figure. 10b for an explicit example in the case
Lx = Ly = 16.
Let us finally mention that the arctic curve separating the frozen region from the fluctuating (massless)
region can usually be understood in terms of a entropy minimization principle [73, 74]. It would be interesting
to apply this method to our problem, and attempt an exact calculation of the regions shown in figures 8a
and 8b.
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(a) Arctic circle on the Aztec diamond
CFT
(b) Aztec diamond and emptiness formation probability
Figure 10: Arctic circle phenomenon. (a): Frozen region on a 32×32 Aztec diamond. All dimer occupancies
are set with probability one outside a circle in the thermodynamic limit. (b): The Aztec diamond (thick
black lines) can also be obtained by imposing the boundary conditions ↑↑↑↑↑↑↑↑↓↓↓↓↓↓↓↓ at the left and right
of a L× L square (in red). In terms of dimer occupancies the boundary condition reads 1010101001010101.
Inside the circle lives a field-theory, whose exact properties are so far unknown.
4.3. Logarithmic terms
As for the conformal boundary case, the logarithmic terms in the EFP are potentially the most interesting,
as it is reasonable to assume they might be universal. Many exact results are already available, they are
summarized in table. 1 for the XXZ chain. We also show the terms for the six-vertex analog of dimers on the
Aztec diamond, namely the six-vertex model with domain wall boundary condition (DWBC) [75, 76, 77].
The prefactor of the logarithm is always given by a simple function of the radius R, and does not depend on
∆ b0(∆), periodic geometry b0(∆), open geometry six-vertex DWBC
0 1/4 1/8 0
1/2 5/36 −1/72 −1/18
general 112
(
2R2 + 8/R2 − 7) ? 112 (R2 + 4/R2 − 5)
Table 1: Summary of the logarithmic terms in the scaling (9) of the logEFP for the XXZ chain. The general
result for b0(∆) in the periodic geometry has been conjectured and numerically checked in [18]. The others
are exact [14, 15, 19, 78, 79].
non universal features such as the Fermi-speed, etc. This is an additional hint for universality, but needs to
be checked more carefully. In particular, we have seen in Sec. 4.2 that bozonization breaks down, and it is
not a priori obvious whether R can still be interpreted as the compactification radius of the Luttinger liquid.
The non frozen degrees of freedom have non trivial long-range correlations, and should still be described
by a massless field theory. However it is clearly neither translational invariant nor scale invariant, and this
makes it much more difficult to apprehend than a CFT. The simplest scenario would be that the action
(76) still describe the low energy fluctuating degrees of freedom, albeit with a position-dependent stiffness
κ(x, y). Alternatively, this can be seen as a field-theory in a curved space-time, whose flat space-time analog
is conformally invariant. The advantage of such a picture is that the radius R still makes sense, as the
compactification radius of the flat space-time analog theory. A possible way to check this would be to
exploit some exact results for the dimers Green’s function on the Aztec diamond [80], and determine this
way the asymptotic behavior of correlations anywhere inside the diamond. However this might not be so
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straightforward, and falls outside the scope of the present paper.
Such logarithmic terms can also be compared with those appearing on a rectangle, which are simpler
from the field-theoretical point of view. There is however a subtlety that needs to be taken into account.
Indeed using the height mapping, it is easy to see that the boundary heights are not exactly the same on the
two sides touching a given corner. See figure. 7a, that shows a coarse grained height 〈h〉 = ±1/2 depending
on the side. This small mismatch has a tremendous impact in the thermodynamic limit, and needs to be
dealt with by adding a harmonic function in the action, that encodes the height shift [97]. In the language
of boundary CFT, this corresponds to the insertion of 4 (magnetic vertex) boundary changing operators
[98]. It is then straightforward to apply the general analysis of Ref. [99], and one even gets this way the full
partition function
Zrect = cst× Lc/4−R2/4x
[θν(τ)]
R2/2
[η(τ)]
c/2
, τ = i
Ly
Lx
, (85)
with central charge c = 1. Note the non-universal constant prefactor. Here ν depends on the parity of Ly:
ν = 3 for even Ly and ν = 4 for odd Ly††. At the free fermion point R = 1, and Eq. (85) reproduces the
exact result of Ferdinand [101]. θ3 and θ4 are the third and fourth Jacobi theta functions, given by
θ3(τ) =
∑
k∈Z
eipik
2τ , (86)
θ4(τ) =
∑
k∈Z
(−1)keipik2τ , (87)
and η is the Dedekind eta function
η(τ) = e−ipiτ/12
∞∏
k=1
(
1− e2ipikτ) . (88)
Notice the similarity of the logarithmic term (R2/4−1/4) logL in Eq. (85), with those summarized in table. 1.
In addition to the logarithmic terms, Eq. (85) also shows that the shape dependence of the free energy is
universal for the dimer model, and this also applies to the six-vertex model.
Let us now come back to the emptiness formation probability. We study it numerically in the periodic
XX and dimer chains for various aspect ratios x/`, and try to identify which terms are universal. The results
for a periodic chain at half-filling (ρ = 1/2) are shown in table. 2. We observe that the leading contribution
XX chain (ρ = 1/2) dimer chain (ρ = 1/2)
coef x = ρ/4 x = ρ/2 x = 2ρ/3 x = ρ x = ρ/4 x = ρ/2 x = 2ρ/3 x = ρ
a2 0.3498456 0.3604522 0.3729935 0.4262783 0.3984028 0.4139014 0.4321317 0.5047001
b0 0.2500058 0.2500012 0.2499928 0.1666604 0.2500008 0.2499955 0.2499783 0.1666236
a0 0.3468585 0.3297074 0.3065721 0.2556067 0.3295512 0.3230345 0.3161439 0.3289082
Table 2: Scaling of the logEFP in the periodic XX and dimer chains, for various aspect ratios x = `/L, at
half-filling ρ = 1/2. The data is extracted via a fit to the form a2`
2 + b0 log `+ a0 for system sizes between
` = 80 and ` = 96.
a2 depend on the ratio x = `/L and differ for the two chains. However, the logarithmic terms b0 ' 1/4 stand
compatible with table 1, as long as the aspect ratio is smaller than x = 1/2. The precise point x = 1/2
corresponds to the case shown in Fig. 9c, where the L/2 up spins have to be followed by L/2 down spins; the
coefficient has a jump to a value very likely to be 1/6. For x > 1/2 the EFP is zero. Let us also mention that
††The difference when Ly is odd is related to the order in which the height shifts are applied: we have the boundary correlator
〈Vα(z1)V−α(z2)Vα(z3)V−α(z4)〉 (resp. 〈Vα(z1)Vα(z2)V−α(z3)V−α(z4)〉) for Ly even (resp. odd). Here z1 (resp. z2, z3, z4)
denotes the position of the bottom left (resp. top left, top right, bottom right) corner, and α2 = R2/16 [97]. See [100] for a
similar even-odd effect on the cylinder.
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the precision on b0 can be increased by adding subleading corrections in the form of a power series in 1/L.
For example going up to 1/L2 we find |b0 − 1/4| < 10−8 for all the corresponding values in table. 2. Finally,
we looked at the subleading constant, that is not expected to be universal. However, differences between
subleading constants for different aspect ratios have been shown to be universal for Ising (see Sec 2.2), and
also for vertex/dimers on the rectangle (see Eq. 85). This is not the case here: as can be seen the values
taken by a0(x)− a0(x′) for different x and x′ differ between the XX and dimer chains. Therefore, b0 is the
only term that can be universal.
We also performed numerical computations away from half-filling. This can be obtained by looking at a
sector with a different fermion number N = ρL with ρ 6= 1/2, or as the true ground-state in a magnetic field.
The data for ρ = 1/4 is shown in table. 3. We observe that the logarithmic terms remain the same, b0 = 1/4
XX chain (ρ = 1/4) dimer chain (ρ = 1/4)
coef x = ρ/4 x = ρ/2 x = 2ρ/3 x = ρ x = ρ/4 x = ρ/2 x = 2ρ/3 x = ρ
a2 0.9652946 0.9804121 0.9977718 1.0656959 1.1015673 1.1189505 1.1386701 1.2133840
b0 0.2500061 0.2500080 0.2500150 0.1666715 0.2500055 0.2500076 0.2500146 0.1666716
a0 0.4134223 0.3952091 0.3705907 0.3133143 0.4069374 0.3952914 0.3775115 0.3397236
Table 3: Scaling of the logEFP in the periodic XX and dimer chains, for various aspect ratios at quarter-
filling ρ = 1/4. Same extraction procedure as in tables. 2.
for x < ρ. For x = ρ a similar phenomenon as the one shown in Fig. 9c occurs. In the XX and dimer chains
the compactification radius does not depend on the magnetic field, so this result is additional evidence for
the universality of b0. It is also possible to look at a deformation of the dimer chain corresponding to the
addition of different fugacities for horizontal and vertical dimers. This changes the dispersion relation but
not the universality class, and we found the same values as in tables 2 and 3 for b0.
Finally, we performed a similar study for all these chains with open boundary conditions. The numerical
computations give b0 = 1/8 for x < ρ and b0 = 1/12 at x = ρ, namely half those in the periodic chain. All
these results provide strong evidence for the universality the EFP . It would be interesting to perform a
similar study for other models with interaction, such as the XXZ chain with general ∆, interacting dimers
[67], or a J1 − J2 chain [81]. The latter two would be most interesting, as they are non-integrable and
rigorous derivations of the asymptotic expansions would be out of reach.
5. Some related problems
We discuss in this section some possible extensions of this work, as well as some related questions.
5.1. The other Ising critical line in the XY chain
This line with γ = 1 and h = −1 also belongs to the Ising universality class, and has also been studied by
Franchini and Abanov [23]. They showed, in the infinite geometry, that the logEFP scales as
Ep = a1`+ 1
16
log `+ a
′(p)
0 +
a−1/2√
`
+ . . . (89)
The slightly different scaling is mathematically explained by the fact that the symbol
g(φ) =
1
2
− 1
2
exp
(
−i arctan
[
ν tan
φ
2
])
(90)
has an additional singularity at φ = 0, and subleading representations have to be taken into account (see
Eq. (65)). Our analysis can in principle be extended to explain this scaling. First, notice that the EFP in
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this chain (h = −1) can be recast as the probability of observing a sequence | ↓↓ . . . ↓〉 in the h = 1 chain.
Then, we have
|↓↓ . . . ↓〉z = 1
2`/2
(|→〉x − |←〉x) (|→〉x − |←〉x) . . . (|→〉x − |←〉x) (91)
=
1
2`/2
∑
{σxj =→,←}
(−1)N← |σx1σx2 . . . σx` 〉 (92)
6= |free〉x, (93)
where N↓ counts the number of down spins. Since the free boundary condition is unstable under the RG flow,
this should actually renormalize to a (stable) fixed boundary condition, and we have to introduce boundary
changing operators. In the infinite geometry they do not affect the Cardy-Peschel term because the external
boundaries are at infinity, but they influence a lot the subleading corrections. For example we still expect a
`−1 log ` term to appear in (89), but with a prefactor modified to
b−1 = − ξ
8pi
(c− 16hf+) , (94)
where hf+ = 1/16 is the dimension of the operator changing the boundary condition from free to +. We
refer to [25] for the method. The changes are even more dramatic in the semi-infinite geometry. Applying
the Cardy-Peschel formula (17) or taking the limit L→∞ in (45), we get
Eo = a1`+
(
4hf+ − c
16
)
log `+ a
′(o)
0 + o(1), (95)
so that the prefactor of the logarithmic term is modified to 7/32. To our knowledge this exponent cannot be
obtained using known theorems on Toeplitz+Hankel determinants. We also expect the presence of a `−1 log `
correction among the subleading terms.
5.2. Full counting statistics
Another closely related problem is that of the counting statistics of magnetization in spin chains [82]. What
makes this type of problem interesting is that it is motivated by recent experiments in cold-atom systems.
In particular, it is sometimes possible to use the quantum noise to measure the full probability distribution
of fluctuating observables [83, 84].
For exact studies it is usually more convenient to study the magnetization in the basis of the eigenstates
of the σz (see, however, Refs. [85, 86]). The statistics can be conveniently expressed in terms of the following
generating function
χ`(λ) =
〈
e−λ
∑`
j=1(1−σzj )/2
〉
=
∑
m≥0
pme
−mλ, (96)
where pm is the probability of having m spins down (out of `) in the z-basis. As we shall see, χ`(λ) is a
natural generalization of the EFP. All cumulants are recovered as
〈mp〉c = (−1)p
dp logχ`(λ)
dλp
∣∣∣∣
λ=0
(97)
Here we look at the XY chain in transverse field (1) on the Ising critical line. Using the free fermion
structure [32], the generating function can be recast as a Pfaffian, which simplifies into a Toeplitz determinant
χ`(λ) = det([gλ]i−j). The symbol is (see e.g. [84, 87])
gλ(φ) =
1 + e−λ
2
+
1− e−λ
2
exp
(
−i arctan
[
ν tan
φ
2
])
. (98)
Next we apply the analysis of Sec. 3.3, limiting ourselves to eλ ∈ [−1; +∞] for simplicity. The symbol can be
put in the form (67), with β = − arctan[tanh(λ/2)]/pi and η1 = − tanhλ/(4piν). The asymptotic expansion
reads
− logχ`(λ) = a1(λ)`+ b0(λ) log `+ a0(λ) + b−1(λ)`−1 log `+O(`−1), (99)
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and the coefficients are given by
a1(λ) = [log |gλ|]0 (100)
a0(λ) = −
∞∑
k=1
k ([log |gλ|]k)2 − log (G(1 + β)G(1− β)) (101)
b0(λ) =
1
pi2
arctan2
[
tanh
λ
2
]
(102)
b−1(λ) = − b0(λ)
2piν
tanhλ (103)
a1(λ) was studied over the unit circle |eλ| = 1 in [87], and a0(λ), b0(λ) are extensions for ν 6= 1 of the results
of Ref. [84] for the ICTF (ν = 1). The last term b−1(λ) is new.
Two special values of the generating function are of interest, in addition to the obvious χ`(0) = 1. First,
limλ→∞ χ`(λ) is nothing but the emptiness formation probability, and we recover b0 = 1/16 = c/8, as well
as b−1 = −1/(32piν) = −ξc/(8pi). Second, one can show, using a Kramers-Wannier transformation, that [84]
χ`(2ipi) ∝ 〈σx1σx` 〉 ∼ `−1/4 (104)
and one recovers the result of [91, 92]. In CFT language the exponent is twice the scaling dimension (1/8) of
the Ising spin field. Note that it is possible to interpret the λ dependence of b0(λ) and b−1(λ) within CFT.
In terms of the Majorana fermion fields, the generating function can be expressed as
χ`(λ) =
〈
exp
(
−iλ
∫ `
0
dxψ(x)ψ¯(x)
)〉
. (105)
where ψ and ψ¯ are the analytic and anti-analytic components of the Majorana fermion. The argument of
the exponential can be seen as a perturbation of the CFT action, and has been studied in Ref. [93]. The
imaginary time pictures shown in Fig. 2 remain valid. There is however an important subtlety: the term∫ `
0
dxψ(x)ψ¯(x) is marginal along the slit, so that the conformal boundary condition are not free anymore.
To determine them properly, one can fold the model about the slit [94], and then bosonize the two resulting
Ising copies. The corresponding boundary condition, for a given λ > 0, is then part of the one-parameter
family of continuous Dirichlet boundary condition investigated in Ref. [94]. We refer to to [93, 94] for a
thorough discussion.
From the generating function it is possible to reconstruct the cumulants. For example the first three in
the ICTF are given by
〈m〉c =
(
1
2
− 1
pi
)
` (106)
〈m2〉c = 1
4
`− 1
2pi2
log `+ cst +O(`−1) (107)
〈m3〉c = 2
3pi
`+ cst− 3
4pi3
log `
`
+O(`−1) (108)
The linear scaling of all the cumulants means that the probability distribution pm is gaussian. Note that b0
(resp. b−1) is symmetric (resp. antisymmetric) under to x → x−1, hence log ` (resp. `−1 log `) terms can
only appear in even (resp. odd) order cumulants.
It is useful to compare this to the XX chain case (see e.g [90, 46]). Here an important difference is that
the magnetization is conserved, and the system is equivalent to free fermions without pairing. The symbol
reads
gλ(φ) =
1 + e−λ
2
+
1− e−λ
2
sgn (cosφ− cos kF ) (109)
and has two Fisher-Hartwig singularities at φ = kF and φ = 2pi − kF . kF is the Fermi momentum. The
corresponding generating function is given by
− logχ`(λ) = λkF
pi
`+
λ2
2pi2
log `+O(1), (110)
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with subleading corrections taking the form (66). The result becomes singular when λ → ∞; we have seen
that in this limit − logχ` is proportional to `2, not `. This is an important difference with the Ising case, as
the counting statistics and the EFP have here a very different behavior. The cumulants are given by
〈m〉c =
kF
pi
` (111)
〈m2〉c =
1
pi2
log `+O(1) (112)
The higher-order cumulants 〈mp〉c are either zero for p odd or O(1) for p even. All these can also be
understood from simpler bosonization arguments. Interestingly, the even order cumulants can also be used
to reproduce exactly the entanglement entropy [88, 89, 90], and therefore S = (pi2/3) 〈m2〉c at the leading
order. Note that while this connection can be generalized to fermions with pairing (that describe the
Ising chain or superconducting states), it is necessary to count the fermionic-quasiparticles appearing in the
entanglement Hamiltonian [89, 90], not the original fermions as we did in (96). Hence the result we have
established for the Ising chain does not seem to have any relation to the generating function whose even-order
cumulants reproduce the entanglement entropy. This observation is consistent with the general results for
the corrections to scaling [95, 96].
5.3. Classical Mutual information in a spin chain
Let us consider the same bipartition as before for a spin-1/2 chain. Since Tr ρA = 1, each diagonal element
〈σ|ρA|σ〉 of the reduced density matrix may be viewed as a probability. It is then natural to consider the
classical Re´nyi-entropy of these probabilities
Sn(L, `) =
1
1− n ln
(∑
σ
[〈σ | ρA |σ〉]n
)
, (113)
from which the classical Shannon entropy is a limiting case n → 1. Here the sum runs over all 2` possible
spin configurations in subsystem A. This entropy is not to be confused with the Re´nyi entanglement entropy
(REE), as the reduced density matrix is not diagonal. However when ` = L, it is nothing but the REE of
two-dimensional Rokhsar-Kivelson states in a cylinder/strip geometry [68], and has been further studied for
this reason [29, 30, 97]. For ` 6= L the correspondence doesn’t apply anymore, but most of the techniques
developed previously can still be applied. In particular, the general scenario of Refs. [29, 97], that predicts
two different behaviors as a function of n separated by a phase transition, should still hold. This is interesting
because in the Ising chain the limit n→∞ of this entropy is nothing but the logarithmic emptiness formation
probability. Before presenting some possible consequences of this connection, it is convenient to introduce
the Re´nyi Mutual information
In = Sn(L, `) + Sn(L,L− `)− Sn(L,L). (114)
This combination filters out the line free energy contribution, so that the universal logarithms are now the
leading terms. It was shown that for n > 1, all universal properties are dominated by the n→∞ limit [29].
Using twice Eq. (6) we predict
In =
c
4
× n
n− 1 log
(
L
pi
sin
pi`
L
)
+ cst.+ o(1) (115)
for a periodic chain, and a similar result in the open chain. The limit n = 1 in the periodic case was studied
numerically in Refs. [102, 103], and this is a more challenging problem in CFT. However, we notice that the
conformal scaling of Eq. (115) still seems to apply, albeit with a different and non trivial universal prefactor
[102, 103] (see also Eq. (III.181) in Ref. [63] for an even more precise determination in the limit L → ∞).
Similar mysterious numbers have been observed numerically for the Shannon entropy of a full chain [29]. It
would also be interesting to study in details the subleading corrections at n > 1 and n = 1, to see if the
unusual L−1 logL term is still present as a subleading correction.
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For the XXZ and dimer chains the limit n → ∞ doesn’t give the emptiness formation probability, but
rather the probability of observing an antiferromagnetic string p(↑↓ . . . ↑↓). At the free fermions point the
corresponding determinants are also simple and take the form p = det1≤i,j≤` (mij) with
mij = (−1)iδij
sin
[
pi
2 (i− j)
]
L sin
[
pi
L (i− j)
] (116)
for the XX chain and
mij =
δij
2
+
(−1)i(j+1)
L
∑
q∈Q
cos
[
q
2 (1 + (−1)i−j)
]√
1 + cos2 q
cos[q(i− j)] (117)
for the dimer chain. Once again Q is the set Q = { −pi + (2m+ 1)pi/L | m = 0, . . . , L/2 }. Here we have
only given the determinants corresponding to a periodic chain, but there are similar expressions in the open
case. It might be possible to study exactly the infinite limit L→∞, but the situation is more complicated
because the corresponding matrices are only block-Toeplitz. Although some rigorous asymptotic results in
such cases are available [106, 107], to the author’s knowledge none of these can be applied to derive the
universal terms as of now. It is however possible to perform a CFT analysis similar to the one presented
in Sec. 2. Indeed imposing this antiferromagnetic sequence does not inject particles in the system, and the
arguments developed in Sec 2 should still apply. For example the leading logarithmic terms can easily be
predicted in both chains. Since the configuration with alternating spins is expected to renormalize to a
Dirichlet boundary condition for the boson field, we predict a term in c8 log ` in the infinite geometry. In
the semi-infinite geometry one has to take care of the height shift discussed in Sec. 4.3, and one arrives at
2R2−c
16 log `. Here the central charge is c = 1. However just like in Sec. 5.1, subleading corrections require
a new and more thorough analysis, as other leading irrelevant operators could play a role. This is also an
interesting question for further studies.
6. Conclusion
We have studied in this paper the universal properties of the emptiness formation probability, mostly focusing
on a CFT approach but also trying to combine it with other numerical and exact methods. It has been
known for some time that the EFP can exhibit strikingly different behavior, depending on the model (e.g.
Ising versus XXZ). We have shown how the Ising universality class can be systematically understood, and
performed extensive checks of our results in a simple free fermionic realization. It however applies away from
free fermions, and can also be generalized to any minimal model.
We used extensively the connection with the theory of Toeplitz and Toeplitz+Hankel determinants.
While the application of such Fisher-Hartwig related results has become increasingly frequent in the physics
literature, it usually allows to go further than field theoretical calculations. Here we managed to find an
example where the CFT approach uncovers a `−1 log ` that has yet to be proved. We gave an heuristic
argument (discontinuities in the derivative of the “regular” part of the symbol) to explain its origin, but
it would be interesting to perform a more rigorous and systematic study, especially in the more involved
Toeplitz+Hankel case. In the CFT framework such occurrence requires some fine-tuning: it is a specific
feature of corner free energies with angle 2pi, and shouldn’t appear in correlations of local physical observables,
or in the entanglement entropy. In general both approaches could be pushed much further, and we hope
that our method can shed some more light on the general structure of subleading corrections to the Fisher-
Hartwig formula, and its relation to the Renormalization Group in statistical mechanics. As an aside, we
showed that the `−1 log ` also appears in the full counting statistics for spins in the z basis.
We also studied the XXZ chain, as an example of a model with conserved number of particles. Here
the situation is somewhat incongruous, as the simplest correlation from the Algebraic Bethe ansatz point of
view turns out to difficult to understand at the field-theoretical level. We have shown that usual boundary
CFT arguments become insufficient, and performed extensive numerical computations in the free fermion
case. We showed that the general scaling could be explained in terms of an arctic phenomenon, familiar
in the study of dimers, and determined the frozen region numerically. We also provided some evidence for
the universality of logarithmic corrections. A field-theoretical determination of these terms would require a
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better understanding of the fluctuations around the background we identified, and is left as an interesting
open question.
Finally it might also be interesting to investigate similar setups for quantum quenches in real time.
Indeed the conformal Ising case of Sec. 2 bears some similarity to the Calabrese Cardy argument for global
quenches [35], where a system is prepared in the ground-state |ψ0〉 of a massive Hamiltonian, but evolves at
time t > 0 with a critical Hamiltonian. The initial wave function |ψ0〉 is then seen, in imaginary time, as
sufficiently close [109] to a conformal boundary state. Interestingly in the XXZ chain it is possible to study
a slightly different problem where one starts from a strongly magnetized state (see e.g. Ref. [110, 111]),
which is obviously very far from a conformal boundary state. This type of initial state is exactly the kind
that generates an arctic phenomenon in imaginary time. It would therefore be interesting to investigate the
possible influence of this arctic phenomenon in real time quench problems.
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Appendix A. Numerical determination of the arctic region
Appendix A.1. The dimer problem
Let us consider the dimer problem on a square lattice with open boundary conditions. As is well known
since Kasteleyn [71], the partition function (number of dimer converings) is given by
Z = Pf K =
√
|detK| (A.1)
where K is a signed adjacency matrix. The matrix elements are shown in Fig. A1a. For a given size Lx×Ly,
the Kasteleyn matrix can be diagonalized exactly, and its determinant evaluated in closed form. The local
statistics can be handily accessed using K. For example, the probability to observe a given dimer on the
link (i, j) is given, up to a global sign, by
p(i,j) = Kij × (K−1)ij (A.2)
K can be inverted for finite Lx, Ly, we refer to [45] for the exact expressions. In the limit Lx, Ly →∞ these
expressions reduce to integrals that can be computed exactly (see again [45]). We are interested in a system
where an alternating sequence 1, 0, 1, 0, . . . of dimer occupancies along a segment is imposed somewhere on
the left of the system, as is shown in Fig. A1b. The number of dimer coverings compatible with such a
condition is given by
Z˜ = Pf K˜, (A.3)
where K˜ is deduced from K by setting to zero the matrix elements corresponding to the removed links in
Fig. A1b. Inverting K˜ is more difficult, and accessing the p˜(i,j) should be much harder. There is however a
simple trick, explained in the next section, that allows to overcome this difficulty.
(a) Kasteleyn orientation of the lattice: Kij = 1 if
(i→ j), Kij = −1 if (i← j), Kij = 0 otherwise.
(b) Links removed to ensure the 1, 0, 1, 0 dimer
occupancies along an horizontal segment.
Figure A1: (a) Kasteleyn weighting of the lattice. (b) Probability of formation of a “ferroelectric string” of
length ` = 4 with dimer occupancies 1, 0, 1, 0. The zigzag lines corresponds to the link we have to remove
to ensure the ferroelectric configuration. The modified Kasteleyn matrix is obtained by simply setting to
zero the corresponding matrix elements. The sites part of a removed link, and are represented in red circles.
There are n = 3` of them. This will be the set a in Sec. Appendix A.2.
Appendix A.2. Perturbed Kasteleyn matrices
K˜ is given by
K˜ = K + E, (A.4)
where E is a “perturbation” matrix that has very few non zero matrix elements: Eij = −Kij if the link (i, j)
has been removed, 0 otherwise. The inverse may be written as
K˜−1 = [K + E]−1 (A.5)
=
[
K
(
1 +K−1E
)]−1
(A.6)
=
(
1 +K−1E
)−1
K−1 (A.7)
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Since we know how to calculate K−1, let us study
J = K−1K˜ = 1 +K−1E (A.8)
in more details. Denote by a the set of sites part of a removed link. There are n = 3` of them. The other
sites (the majority) are in b, and there are N −n of them. The matrix J is close to the identity, in the sense
that it differs from it only for n columns. Indeed,
(K−1E)ij =
∑
k
K−1ik Ekj (A.9)
is non zero only if j ∈ a. Now we write J in block form as
J =

Jaa 0ab
Jba 1bb
 , (A.10)
where 0ab is a n × (N − n) with zero matrix elements, and 1bb is the (N − n) × (N − n) identity matrix.
Using this form, the emptiness formation probability simplifies into
(p0)
2
=
det K˜
detK
= det(K−1K˜) = detJ = det Jaa. (A.11)
Such types of formula have already been derived for the monomer correlation function on the square [45]
and triangular [112] lattice. Inverting J , we get
J−1 =

(Jaa)
−1
0ab
−Jba (Jaa)−1 1bb
 . (A.12)
Notice (Jaa)
−1 =
(
J−1
)
aa
, and thus the notation J−1aa is unambiguous. This is a huge simplification, because
numerically inverting J actually only requires to invert a small block Jaa, the rest following from matrix
multiplication. Similarly if we write K−1 in block form, we finally get
K˜−1 =

J−1aa
(
K−1
)
aa
J−1aa
(
K−1
)
ab
(
K−1
)
ba
− JbaJ−1aa
(
K−1
)
aa
(
K−1
)
bb
− JbaJ−1aa
(
K−1
)
ab
 . (A.13)
The crucial piece of information is encoded in Jaa. In the end, the probability of interest reads
p˜(ij) = p(i,j) −Kij
∑
p∈a
∑
q∈a
Jip
(
J−1aa
)
pq
(
K−1
)
qj
, (A.14)
e. g. for i ∈ b, j ∈ b. The numerical evaluation of such double sums can be done relatively fast. By that
we mean that all the probabilities can be obtained in a time of order O(`2LxLy), on a Lx × Ly grid. Let
us finally mention that inverting Jaa is numerically very unstable. Typically, the system sizes shown in this
paper require close to a hundred digits of precision.
Appendix A.3. Exact expressions for the propagators
The exact expressions are, with i = ix + (iy − 1)Lx and j = jx + (jy − 1)Lx:
K−1ij = K
−1(ix, iy; jx, jy) (A.15)
=
4(−1) 12 (1+jx−ix+jy−iy)
(Lx + 1)(Ly + 1)
∑
kx
∑
ky
sin (ixkx) sin (jxkx) sin (iyky) sin (jyky)
cos2 (kx) + cos2 (ky)
× f(kx, ky) (A.16)
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with
f(kx, ky) =

cos (kx) ; (jx − ix) odd, (jy − iy) even
(−1)ix+1 cos(ky) ; (jx − ix) even, (jy − iy) odd
0 ; otherwise
(A.17)
and
kx =
mxpi
Lx + 1
,mx = 1, 2, . . . , Lx/2 (A.18)
ky =
mypi
Ly + 1
,my = 1, 2, . . . , Ly. (A.19)
In the limit Lx, Ly →∞ these expressions reduce to integrals that can be computed exactly [45].
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